FIX-EULER-MAHONIAN STATISTICS ON WREATH PRODUCTS 
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Abstract. In 1997 Clarke ct al. studied a g-analoguc of Eulcr's difTcrcncc tabic for n\ 
using a key bijcction on symmetric groups. In this paper we extend their results to the 
wreath product of a cyclic group with the symmetric group. In particular we obtain a new 
Mahonian statistic fmaf on wreath products. We also show that Foata and Han's two recent 
transformations on the symmetric groups provide indeed a factorization of 5*. 



Dedicated to Dennis Stanton on the occasion of his 60th birthday 

1. Introduction 

For positive integers £,n > 1, define the colored set = {(^k | < j < i — 1 < k < n}. 
Let Gi^n be the set of permutations a of such that a{(^ k) = C'^^iM) for any k G [n] 
and < j < £ — 1. It is known that Gi^n is isomorphic to the wreath product Ci I Sn, 
where Sn denotes the group of permutations of [n] := {1,2, ... ,n} and Cg the ^-cyclic 
group generated by C = e^'^'^l^ . In the last two decades many authors have being trying to 
extend various enumerative results on symmetric groups to other classical refiection groups, 
see [21 IHl El m [ini E] and the references cited there. In particular Adin and Roichman 
[3] introduced the fiag major index jmaj on wreath products of a cychc group with the 
symmetric group, and Haglund et al. [TU] proved that 



E 



where \p\q is the g-integer 1 + g + ■ ■ ■ + g"^^. In this paper we shall consider some natural 
generalizations of (11.11) by studying a wreath product analogue of Euler's g-difference table 
{6'l^n(5)}m>n>o defined by the following recurrence: 



5L(g) = M,[2^].---K] 



9' 



M) = 9t::\<l) - q'^"-'^9tn-M (0 < m < n - 1). 
For example, when 1=1 and ^ = 2, the first values of g'^nil) given as follows: 
• £= 1 
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where 



n\m 
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<1 [2], 


[91 Ml 

ah [2]J4]„[6]„ 


92,3 = 


+ 3g^ + + 7q^ + 


+ 7g^ + 5g^ + 3g2 + g, 


ais = 


+ 3g^ + 5g^ + 6g^ + 6g^ 


+ 5g^ + 4g3 + 3g2 + g, 


9l = 


g9 _^ + 4g^ + 4g^ + 5g^ 


+ + 4g^ + 3g^ + g. 



It is remarkable that g^^il) polynomials in g with non- negative integral coefficients. For 
i = 1, Clarke et al. |1] proved that the entry 5'™„(g) is actually the generating function for 
a subset of Sn by the Mahonian statistic maf. Their proof is based on a key bijection 
on Sn transforming the statistic maf to the statistic major index. Our ffist aim is to show 
that the results in [1] can be readily extended to wreath products. More precisely, we will 
find a combinatorial interpretation and an explicit formula for 5'™„(g) by introducing a new 
Mahonian statistic fmaf on the wreath products and by extending Clarke et al.'s bijection \1/ 
to the colored permutations. On the other hand, Foata and Han [7] have recently constructed 
two new transformations on symmetric groups and noticed that the composition of their two 
transformations has some properties in common with Clarke et al.'s bijection in [1]. A 
natural question is then to ask wheather these two algorithms are identical. Our second aim 
of this paper is to settle this open question. 



2. Definitions and main results 
For X = (^k G T^i^n, we write x = e^lx] with 

= G Ci and |x| = /c G [n]. 

If £ is small, it is convenient to write j bars over i instead of (H, thus = 4. By ordering 
the elements of as 1 > C > > ■ ■ ■ > C^~^; we can define a linear order on the alphabet 
T^in as follows: 



ea;Jxi| < e^2\x2\ ^ [£xi < Sxi] or [{e^^ = Ea,-,) and (|a;i| < |x2|)]. 
For example, the elements of S4 4 are ordered as follows: 

T<2<3<4<T<2<3<4<1<2<3<4<1<2<3<4. 



(2.1^ 



Recall that i G [n] is a fixed point of cr G Ge,n if cr(0 = Let FlX(cr) be the set of fixed 
points of a and fixer the cardinality of FIX{a). The colored permutation a has a descent at 
2 G {1, 2, . . . , n — 1} if a{i) > a{i + 1) and i is called a descent place of a. Let DES(cr) be 
the set of descent places of a. The major index of cr, denoted by maj a, is the sum of all the 
descent places of cr. If yiy2 ■ ■ - ymis the word obtained by deleting the fixed points of a and 
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Hi = ^ilVil (1 < ^ ^ "^); writing Zi = eiTa.nk{\yi\) with 'rank" being the increasing bijection 
from |?/2|; ■ ■ ■ ; Iz/ml} to [m], then the derangement part of a is defined to be 

Dei (a) = ZiZ2- ■■ Zra- (2.2) 

We now define the main Eulerian and Mahonian statistics on the wreath product Gi^n- If 
cr = Xi . . . x„ G Gi^n then the statistics des^, exc and col are defined by 

71-1 n e-1 

desea = '^x{xi > Xi+i), exc a = "^xi^i > i), cola = j ■ |COLj(cr)|, 

4=1 i=l j=0 

where COLj (cr) = {i & [n] : = and = 1 if A is true and otherwise. When 

£ = 1 we shall write des = des^. The maj and maf statistics are defined by 

71—1 k 

maj a = i ■ x{xi > Xj+i), and maf a = maj Der (a) + ^^(^j — j), 

1=1 j=i 

where FlX{a) = {ii, i2, ... ,ik}- The flag-maj fmaj and flag-maf fmaf statistic are defined 
by 

fmaj a = i ■ maj a + col(cr), and fmaf a = i ■ maf a + col(cr). 

Remark. While the statistic fmaj was first introduced by Adin and Roichman [3], the 
statistic fmaf is new and reduces to maf of Clarke et al. [1] for i = 1. 

Example. If a = 1 8 3 4 62 75 9 G 6*4,9, then maj a = 1 + 5 + 7 = 13, FIX a = {1,3,4,7,9} 
and Der(a) =4312. Therefore maj Der((T) = 2 and 

maf a = 2 + ((1 - 1) + (3 - 2) + (4 - 3) + (7 - 4) + (9 - 5)) = 11. 

Since COLo(a) = {1,3,4,5,7,9}, COLi(a) = {2,8}, C0L2(a) = {6}, COUia) = 0, we 
have col((j) = 0x6 + 1x2 + 2x1 = 4. Finally, 

fmaj cr = 4 X 13 + 4 = 56, and fmaf a = 4 x 11 + 4 = 48. 

Remark. Other notions of descents have also been considered previously, see [13]. For the 
length function of the wreath product Ci I Sn we refer the reader to [9]. 

We first show that the statistics (fix, fmaf) and (fix, fmaj) are equidistributed on and 
their common distribution has an explicit formula. 

Theorem 1. The triple statistics (fmaf , exc, fix) and (fmaj, exc, fix) are equidistributed on 
Ge^n- Moreover the common generating function 

J2 ^fmafa^fixa^ ^ ^fmaj.^fix. ^2.3) 



has the explicit formula 

,,„(g, X) := [^[24 ■ ■ ■ K], ± (2-4) 



fc=0 
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Remark. When i = 1 Gessel and Reutenauer [8] first proved that the generating function 
of (fmaj,fix) on 5"^ is given by fl2.4p . For general i and x = 1 we recover Haglund et al's 
formula (11.11) for the generating function of fmaj on Ge^n- For x = 0, we derive from (12.31) 
and (12.41) an explicit formula for the colored q- derangement number. 



The i = 1 and i = 2 cases of (12. 5p were first obtained by Gessel (unpublished) and Wachs [T] 
and Chow [S] , respectively. Finally (12. 5p yields immediately the following recurrence relation 
for the colored g-derangemnt numbers: 



de,n+i{q) = [in + i]gde,n+i{q) + (-l)"+^g'^"^'). (2.6) 



Introduce the g-shifted factorials 

(a;g)o = l, (a;g)„, = n(^ 



n-l 



k=0 



then the g-binomial coefficients are defined by 



(q; g)m(g; g)r 



aq ), n = 1, 2, . . . , or oo, 



n > m > 0. 



Instead of the colored g-Euler table (II. 2p . as Clarke et al. [1], we can consider a more general 
triangle than (II. 2p by taking 5'"„(g, x) := gg^n{(l,x) as the diagonal coefficients and replace 
the recurrence relation in (11.21) by 



Ui^^) = 9Tn\i,^) - ^q'^"-'^9Tn-i{q.^) (o < m < n - 1). 



(2.7) 



For n > m > 0, denote by the set of permutations cr in Gi^n such that FIX (cr) C 
{ra — m + 1, . . . , 77, — 1, ra}, i.e., a{i) ^ i for i < n — m. In particular we have G"^ = Gi^n 
and Pf^n := is the set of colored derangements of order n. The following theorem gives 
a full description of g^^{q,x), which generalizes the previous results in [1] for i = 1 and pj 
for g = 1, respectively. 



Theorem 2. For n > m > we have the following explicit formula: 



-XI 



k=0 



n — m 
k 



i,n-k{q,x) 



and the combinatorial interpretation: 



E fmaf a fix a 
q X 



{21 



(2.9) 



Remark. The two statistics fmaf and fmaj are identical on P^,™, equidistributed on Gi^n, 
but not equidistributed on the set for < m < n. 
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Figure 1. The Foata-Han factorization of Clarke et al.'s bijection \1/ 



Let < m < n and w be a nonempty word of length m on the alphabet [n]. Denote by 
Sh(0"'~'"f ) the set of all shujfles of the words 0"'"'" and v, that is, the set of all words it is 
possible to construct using {n — m) O's and the letters in v by preserving the order of all the 
letters in v. For any word w = Xi . . . x„ in Sh(0"'~"*u), we call pillar any non zero letter of w 
and write Pil(w) := v and Zerow := {? : 1 < i < n, = 0}. Let pilw be the length of Pilw 
and zerow be the cardinality of Zeiow. Clearly w is completely characterized by the pair 
{Zerow, Pi\w). Given a permutation a = a{l)a{2) . . . a{n + m) e Sn+m, let (ji, j2, • • • , jm) 
be the increasing sequence of the integers k such that cr(/c) ^ k for 1 < k < n. The word 
w = X\X2 ■ ■ ■ Xn+m derived from a by replacing each fixed point by and each other letter 
a{jk) by rank((7(jfc)) will be denoted by ZDer(cr). For example, if tr = 18 3462 75 9 G Sg 
then ZDer(cr) = 4 31 2 0. Let 

S^"' := y Sh(0"-'"i;) {0<m<n,v eV^). 

It is obvious (see [71 Proposition 1.3]) that the map ZDer is a bijection from Sn to S^^"^. 
Recently Foata and Han [7] have constructed two transformations $ and F := F3 on S^°^ 
(see Section E]), apparently related to ^ . Our third object is to show that their two bijections 
provide indeed a factorization of Clarke et al.'s bijection ^ . 

Theorem 3. We have 

m = ZDer"^ o F o o ZDer. (2.10) 

In other words, the diagram in Figure 1 is commutative. 



The rest of this paper is organized as follows. In Section [3l after recalling Clarke et 
al.'s bijection \E', we prove Theorem [TJ The proof of Theorem [2] is given in Section |H In 
Section [5], after recalling Foata and Han's two transformations $ and F, we prove Theorem [3] 
and postpone the proof of three technical lemmas to Section [61 



3. Proof of Theorem [H 

We first recall Clarke et al.'s bijection \E', which will also be used in Section [5l and then 
show that one can extend \E' to G^^n with the following property: 

(maf, exc, fix, col)\E'(cr) = (maj, exc, fix, col)cr, Vcr G G(,^n- (3.1) 
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3.1. Clarke et al.'s bijection ^. Let a = X\X2- . - Xn ^ Sn with xq = Xn+i = +00. For 
< z < n, a pair (z, z + 1) of positions is the j-th slot of a provided that Xi ^ i and that a has 
i— i fixed points / such that f < i. Of course, the j-th slot is (j, j + 1) if a is a derangement. 
Clearly we can insert a fixed point into the j-th slot and obtain the permutation 

j) = x\x'2 . . . X- (i + 1) ...x'^, (3.2) 

where x' = x ii x <i and x' = x + 1 ii x > i for all x G [n\. 

Now, if 0" is a derangement in Sn and (ii, ^2, • • • , "^m) a sequence of integers such that 
< ii < ^2 < ■ ■ ■ < < we can insert successively m fixed points in a and obtain a 
permutation r in Sn+m: 

r = (cr, ii, . . . , = ((cr, ii, . . . , Wi), ^m)- (3.3) 

Note that Der(r) = a and the fixed points of the last permutation are + ^2 + 2, . . . , im+'m- 
Conversely, any permutation r G Sm+n with m fixed points can be written as (13.31) in one and 
only one way. Thus, if S{a,m) denotes the set of permutations in Sn+m with derangement 
part a G P„, then 

S{cr,m) = {{a,ii, ■ ■ ■ ,im)\ < ii < i2 < ■ ■ ■ < im < n}. 

Let a G Sn- The j-th slot (i, 2 + 1) of a is said to be green if des(cr, j) = deso", red if 
des(o", j) = descr + 1. We assign values from to (7 to the green slots of a from right to 
left, and values from + 1 to n to the red slots from left to right. Denote the value of the 
j-th slot by Qj. The bijection \E' : S{a,m) — > S{a,m) is defined by induction on m > as 
follows: 

(1) is the identity mapping on S{a, 0). 

(2) Define ^ on 5(a,l) by 

^{a,i) = {a,g,). (3.4) 

(3) Let m > 1 and suppose that \& has been defined on S{a,k) for < k < m — 1. 
Consider r = {a,ii, . . . ,im) ■ Suppose that the im-th slot of a is green. Then, if 
*((T,ii, . . .,im-i) = {cr,j2, ■ ■ • , jm), we define 

"^{r) = {(r,gi^j2,---Jm)- (3.5) 

Suppose that the im-th slot of a is red. Let k be the smallest positive integer such 
that im-k < im- Thus im-k < im-k+i = ■ ■■ = im- Then, 

• if = m we define 

*(t") = {(^,9i,n - im, ■ ■ ■ , 9i„, -im,gij- (3.6) 

" V ' 

m— 1 terms 

• if < m and "^{aji, . . -,im-k) = (o", ji, • • -Jm-k), we define 

^{r) = {a,gi^-im,-.-,gi^-imJi + l,---Jm-k + ^,9iJ- (3.7) 
k-1 terms 
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3.2. Generalization of ^ to G^^n- To extend the insertion algorithm (13.31) to colored 
permutations we just need to modify equation fl3.2p as follows: 

{a,j)=x[x',...x',{i + l)x[^,...x'^, (3.8) 

where x' = x \i\x\ < i and 

x' = x + 1 := e^{\x\ + l), (3.9) 
if |x| > i for all x G S^^^. Thus each colored permutation r G G^.n can be written as (13.31) . 

Example. Letr = 193 10 567428G Gg^io- Then a := Der(r) = 452 1 3 G I?3,5 and 
T = (a, 0,1, 2, 2, 2). Indeed, 

(a, 0) = 1 5 6 3 2 I, 
(a,0,l) = 1 6 3 7 4 2 E, 
((7,0,1,2) = 1 7 3 8 5 4 2 6, 
(a, 0,1, 2, 2) = 1 8 3 9 5 6 4 2 7, 
(a, 0, 1,2,2,2) = 1 9 3 10 5 6 7 4 2 §. 

So r = ((1,0,1,2,2,2). 

As in the symmetric group we say that the z-th slot (0 < z < n) of cr G Ge^n is green if 
des£{a, i) = dese a and red if des^((T, i) = dese a + 1. In the same way, we can assign a value 
to each slot of a. Now, let cr be a derangement and G{a,m) := {r G Ge^n+m I Der(r) = a}. 
We can extend to a bijection on G{a,m). It follows that Der(\E'(r)) = Der(r) for any 
T G G{a,m). Since excr = exc(Der(r)) and coir = col(Der(r)), we have immediately 

(exc, fix, col)\E'(r) = (exc, fix, col)r. 

It remains to verify maj r = maf(\E'(r)). On symmetric groups, the proof of the latter 
equality is based on the following result. 

Lemma 1 (Clarke et al.). Let a be a derangement in symmetric group and Qi the value of 
its i-th slot then 

maj (a, i) = maj cr + (7j. (3.10) 

Now, the substitution x x' in (13.81) is compatible with the linear order (see (12.11) ) on 
the alphabet E^ ^, namely 

Va, b G „ a < b <^==^ a' < b', 

hence DES{x[x'2 . . . x'^) = 'D'ES{xiX2 ■ ■ ■ Xi) and DES{x[_^_i . . . x'^) = DES(a;j+i . . . a;„). So 
the proof of Lemma [T] in [1] remains valid when we replace a derangement cr by a any colored 
derangement. Then we derive (13. ip as in [1]. 

Example. Letr = 193 10 567428 G ^3,10. We have DESr = {1,4,7,8,9} and 

maj r = 29, Der(r) =cr = 45213; maj cr = 9. By the previous example, we can write 
r = (cr , 0, 1, 2, 2, 2). Note that slots 1,3,4,5 are green, while slots and 2 are red. So the 
sequence of values of the slots is {go, gi, g2, g-s, g^, g^) = (4, 3, 5, 2, 1, 0). The algorithm goes 
as follows: 
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• ^{a,0) = {a, go) = (a, 4); 

• Since 1 is green, \[^((T, 0, 1) = (cr, (7i,4) = ((7,3,4); 

• Since 2 is red, ^(a, 0, 1, 2, 2, 2) = (a, ^2 - 2, ^2 - 2, 3 + 1, 4 + 1, ^2) = (c^, 3, 3, 4, 5, 5). 
Thus ^(r) = 682451739 10. Note that 

maf ^(r) = maj (7 + 3 + 3 + 4 + 5 + 5 = 29 = maj(r), 
fmaf *(r) = fmaj(r) = 3 x 29 + 3 = 90. 



3.3. Proof of (12.41) . Recall Cauchy's g-binomial formula (cf. [H p. 17]): 

E 



(g;g)„ («; g)oo ' 



n>0 

In particular we have Euler's formula by taking a = 0: 

Let fe^niQiX) = XIo-gg^. x'^^'^g^™^^'^. By the insertion algorithm, we can write any permuta- 
tion (7 G Gi^n with n — /c (0 < /c < n) fixed points as a = (vr, ii, . . . ,in-k), where vr G P^^fc 
and < ii < ■ ■ ■ < iri-fc ^ k. Since fmaf (7 = fmaj vr + + ■ ■ ■ + in-k), we have 



k=0 TTGD^.fe <'eGf,„ 

Dcr (a) — TT 



Q 

k=0 7re©£,fe 0<ii<-<i„_fc<fc 

n r- -I 



fc=0 



^n-k 



Therefore 



2^/£,n(g,a;) =eg^M2^^^.fc(9) . , ■ (3.12) 

n^o yi ^1 )n yq ,q )k 

Since 1) = (1 - g)~"(g^; q^)n by dm]) and setting x = 1 in yields then 

1 1 



(g^;g^)„ 1 - u/{l - q) ege{u)' 



Substituting this back to fl3.12p we obtain 



FIX-EULER-MAHONIAN STATISTICS ON WREATH PRODUCTS 

On the other hand, by (12.41) we have 



9 



u 



X] 



n>0 



(9', 9').. 



EE 

n.>0 

E 



(a; — l)(x — g^) ■ ■ ■ (x — g^^' ^'^) 



n.>0 i>0 



i>0 



[xu 



E(t^ 



[l-qy-i 



n>0 



1 - m/(1 - g) (xm; g^)c 



which is equal to the right-hand side of (I3.13P by Euler's formula (13.111) . It follows that 
Remark. As (1 — u)eq{u) = eq{qu), we can also write (13.131) as 



u 



X) 



q^q 



[XU] 



n>0 



iq'; q% 



qe{q^u) - qeqt{u)' 



4. Proof of Theorem [2] 

To derive an explicit formula for g'^J^q) we give a more general formula, which is a variant 
of a result in [151 Th. 3] and may be also interesting in its own right. 



Lemma 2. Let {an,m)o<m<n be an array defined by 



ao,m = Xm (m = n); 



(0 < m < n - 1). 



(4.1) 



// ei{yi, y2, ■ ■ ■ , y-n) denotes the i-th elementary symmetric polynomial of yi, . . . , then 



^ ] Xm+k{ZmZm+l ■ ■ ■ Zm+k-l)Gn-k{yi, 1/2, 



(4.2) 



k=0 
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Proof. The formula is obviously true for n = and n = 1. Suppose that it is true until n — 1. 
Since (1 + yit){l + y2t) ■ ■ ■ (1 + yj) = XlLo • • • ' ^«)^*' ^^^"^ ^^^^ 



^n,m yn^n—l,m ~l~ ^m^n—l,m+l 

= y-n 'y^^ZmZm+l ■ ■ ■ ^m+fc-l)en-l-fc , |/2, • • • , yn-l)Xm+k 



k=0 



n-1 



) 1/2; • • • ; yn-l)Xm+k+l 

k=0 

= yn^n-liyi, Z/2, • • • , yn-l)Xm 
n-1 / k \ 

+ XI n iynen-2-k{yi, y2, 2/n-l) + e„_i_fc(?/i, ?/2, • • • , ^/n-l)) •^m+l+fc 

fe=0 \j=0 / 

n /fc-1 \ 

= en(|/i, 2/2, ... , 2/n)a;m + I n ) ?/2, . . . , 2/n)a;m+fc. 

fc=l \jr=0 / 

This completes the proof. □ 

Now, specializing the array fl4.ip with Xm = g^j^{q,x), = I and i/„ = —xq^^'^~^\ then 
the g-binomial formula (1 + t){l + qt) ■ ■ ■ {1 + q^'-H) = Y,l=o [I] (l^^t^ implies that 



qy^i {0<k< n). 



Applying (14. 2 p we get 



-X] 



\n—k 



k=0 



Shifting n hj n — m and then replacing k by n — m — k yields (12. Sp . 

Let f^^iq, x) := E g^"^'^^ '^x'^'^ ^ (a G G^^) be the right-hand side of ([2l]). Then x) = 

x) by Theorem [H For each fixed n we will show by induction on m (0 < m < n) that 
{/^(g, a:)} satisfies the recurrence relation (II. 2p . For < m < n — 1 define 

E : = n = { ^ G : a - m) = n - m } . 

By (13. 3p . each permutation a & E can be written as 

a = (Dera, ii — l,i2 — 2, . . .ir ~ r), 

where i the fixed points of a arranged in increasing order {ii = n — m). Let 

a' = (Dero", i2 — 2,...ir — r). Then the mapping a h-* a' is a bijection from E to G"\_i such 
that fix 0" = fix 0"' + 1 and fmaf a = — 1) + (22 — 2) + ■ ■ ■ + {ir — r)) + fmaj Dero". It 
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follows that fmaf a = fmaf a' + i{n — m — 1). Hence 

rm+lf \ \ ^ fmaf CT fixer _, \ ^ ima{a'+£{n—m—l) fixer 

Je,n Kh-:-^) — 2-^ q X -\- q X 

= f'^M.x)+xq'^-—^^f^^_,{q,x). 
This completes the proof of (12.91) . 



5. Proof of Theorem [3] 

5.1. Foata-Han's first transformation Let w be a derangement of order m and w = 
X1X2 ■ ■ - Xn G Sh(0"~'^f) (0 < n < m). Thus v = Xj^Xj^ ■ ■ -Xj^, where 1 < ji < j2 < ■ ■ ■ < 
jm < n. Recall that "rank" is the increasing bijection of {ji,j2, ■ ■ ■ ,jm} onto the interval 
[m]. A positive letter Xk of w is said to be excedent (resp. subexcedent) if Xk > rank(/c) 
(resp. Xk < rank(fc)). Accordingly, a letter is non-subexcedent if it is either equal to or 
excedent. 

We define n bijections (pi {1 < I < n) from Sh(0"~'"f) [0 < n < m) onto itself in 
the following manner: for each / such that n — m+l</<r2let (piiw) := w. When 
1 < / < n — m, let Xj denote the l-th letter of w, equal to 0, when w is read from left to 
right. Three cases are next considered (by convention, xq = Xn+i = +00): 

(1) Xj-i, Xj+i both non-subexcedent; 

(2) Xj-i non-subexcedent, Xj+i subexcedent; or Xj-i, Xj+i both subexcedent with Xj-i > 

Xj+l] 

(3) Xj-i subexcedent, xj+i non-subexcedent; or Xj-i, xj+i both subexcedent with Xj-i < 

Xj+l- 

When case (1) holds, let </>;(«;) := w. When case (2) holds, determine the greatesi integer k > 
j+1 such that Xj^i < Xj+2 < ■ ■ ■ < Xk < lank^k) so that w = Xi - ■ ■ Xj^i Xj+i ■ ■ - Xk Xk+i ■ ■ - x, 
and define:0/(w) := Xk+i - ■ ■ Xn- When case (3) holds, determine 

the smallest integer i < j — 1 such that rank(z) > Xi > Xj+i > • ■ • > Xj^i so that 
w = xi - ■ ■ Xi-i Xi - ■ ■ Xj-i Xj+i ■ ■ - Xn and define (pi^w) := xi ■ ■ ■ Xi - ■ ■ xj-i Xj+i ■ ■ ■ x„. 

It is important to note that (pi has no action on the O's other than the l-th one. The 
mapping $ is defined to be the composition product $ := (pi(p2 ■ ■ ■ (pn-i(pn- To verify that $ 
is bijective, Foata and Han introduce a class of bijections tpi, whose definitions are parallel 
to the definitions of the Let w = X1X2 ■ ■ ■ Xn € Sh(0"~™w) (0 < n < m). We define n 
bijections ipi (1 < / < ra) of Sh(0'"~"*f) onto itself in the following manner: For each / such 
that n — m + l < I <nlet ipi{w) = w. When 1 < / < n — m, let Xj denote the l-th letter oiw, 
equal to 0, when w is read from left to right. Consider the following three cases (remember 
Xo = Xn+i = +00 by convention): 

(!') Xj-i, Xj^i both non-subexcedent; 

(2') Xj-i subexcedent, Xj+i non-subexcedent or Xj+i both subexcedent with > 

Xj+l', 

(3') Xj-i non-subexcedent , Xj+i subexcedent or Xj+i both subexcedent with < 

Xj+l- 
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When case (1') holds, let ipi{w) := w. When case (2') holds, determine the smallest integer k 
< j — 1 such that Xk < ■ ■ ■ < Xj^i < rank(j — 1) so that w = Xi - ■ ■ x^-iXk ■ ■ ■ Xj^iOxj^i ■ ■ - Xn 
and define: iIji{w) := Xi ■ ■ -Xj-iOxj ■ ■ -Xj-iXj+i ■ ■ -Xn- When case (3') holds, determine the 
greatest integer k > j + 1 such that rank(j + 1) > Xj+i > > ■ ■ ■ > so that 

w = Xi ■ ■ ■ Xj-iOxj+i ■ ■ ■ XkXk+i ■ ■ - Xn and define:?/;; (w) := Xi ■ ■ ■ Xj_iXj+i ■ ■ ■ XkOxk+i ■ ■ ■ Xn- 
As shown in [7j, the product := ipn'^n-i ■ ■ - "^i is the inverse bijection of 

5.2. Foata-Han's second transformation F. The bijection F maps each shuffle class 
Sh(0""'^t') with V an arbitrary word of length m {0 < m < n) onto itself. When n = 1 the 
unique element of the shuffle class is sent onto itself. Also let F{w) = w when des(ty) = 0. 
Let n > 2 and assume that F{w') has been defined for all words w' with nonnegative letters, 
of length n' < n — 1. Let w be a word of length n such that des(w) > 1. We may write 

w = w'aO'^b, 

where a > 1, 6 > and r > 0. Three cases are considered: 

(1) a<b] (2) a>b, r > 1; (3) a > b, r = 0. 

In case (1) define F{w) = F{w'a0^b) := (F{w'aO^))b. In case (2) we may write F(w'aO^) = 
w"0 and then define 

7F(u;'aO") := Ow"; 
F{w) = F(u7'aO"6) := {-fF{w'aO''))b = Ow"b. 

In short, add one letter "0" to the left of F(u7'aO''), then delete the rightmost letter "0" and 
add b to the right. In case (3) remember that r = 0. Write 

F{w'a) = 0™^xit;i0'"2x2t;2 ■ ■ ■ O'^'xkVk, 

where mi > 0, m2, . . . ,mk are all positive, then xi, X2, . . . , Xk are positive letters and vi, 
V2, . ■ ■ , Vk are words with positive letters, possibly empty. Then define: 

6F{w'a) := XiO'"H;iX20'"H;22:3 ■ ■ ■ XkO'^^Vk, 
F{w) = F{w'ab) := {6F{w'a))b. 

In short, move each positive letter occurring just after a 0-factor of F{w'a) to the beginning 
of that 0-factor and add b to the right. 

5.3. Proof of Theorem [31 We show that the composition ZDer^^ o F o o ZDer satisfies 
the relations fl3.4l) - fl3.7p characterizing the bijection The proof is based on Lemmas [3l [5] 
and [6l which will be proved in Section [61 

Let r = (cr, ii, ^2, • • • , im) £ Sn+m, where a = Xi . . . x„ G Vn is the derangement part of r. 
Since the positions of fixed points of r are the same as that of zeros of ZDerr, we write 

ZDerr = [a,ii,i2, ■ ■ ■ ,im] G Sh(0™a). 

Thus the k-th zero from left to right of ZDerr is at the position ik + k for k < m and ik is 
the number of pillars at the left of the k-th zeros in ZDerr. Consequently, writing i := 
then 

[XiX2 ■ ■ ■Xn,il,i2, - ■ ■ , im] = WXiO'' Xi+iXi+2 ' ' ' Xn, (5.1) 
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where w is a word with i — 1 pillars and r the largest integer satisfying i^+i-r = i- The 
integer r must be positive for the last zero is located just at the left of the {i + l)-th pillar. 

Example. Let n = [314 5 2,0,0,0,1,1,2,2,2,2]. Then z = 2, r = 4, w = 3 and 

fi = u;10^ 452 = 0003001000045 2. 

For brevity we introduce the following notations: Vt > and I = (ii, ■ ■ ■ .jim) ^ N'", let 
I + t = {ii+t,--- ,im + t), = (t, . . . , t) G N"*. Moreover, for any lu G Sh(0""'"t;), if 
F{u) = [cr, ii, ■ ■ ■ ,im], then we write 

F{u) = [cr, JJ with = {ii, - ■ ■ ,im)- 

Additionally, for any non empty finite word w we denote, respectively, by L{w) and R(w) 
the first and last letter of w when w is read from left to right. 

Lemma 3. Let wi, W2 be two non empty words such that R(wi) > and zeTo{w2) = 0. 
Assume that (R{wi), L(w2)) = {cL,b) and pil(wi) = u, des(w2) = t. Let /i = WiO^W2 with 
r > 0. Then 

r(tM, j^^+t + l), z/a>6, 
zero(tyi) 7^ =^ I^, = llw^+t-, if a < b and r = 0, (5.2) 

[(^['-^1, I^^+t+1, u + t), ifa<b andr > 0; 

and 

[0, ^fr = 0, 

zero(wi) = 0^1^=} (tH)^ if r > and a > b, (5.3) 

[{t^'^-^\iy + t), ifr>Oand a < b. 

Let a = X1X2 ■ ■ ■ x„, G Sn- The color of a slot [i, z + 1) of a can be characterized (see [1]) 
as follows: 

• The slot (i, z + 1) of cr is green if and only if one of the following conditions is satisfied: 

(Gi) Xi > Xi+i > i] {G2) Xi <i < Xi+i, (G3) i> Xi> Xi+i. (5.4) 

• The slot (i, i + 1) of a is red if and only if one of the following conditions is satisfied: 

(i?i) i <Xi < Xi+i] {R2) Xi> i> Xi+i] {R3) Xi < Xi+i < i. (5.5) 

By convention xq = Xn+i = +00. If we denote by di the number of descents of (cr, i) at right 
of i (cr e Vn) then Lemma [1] implies that gi = di if the i-th slot is green, and gi = di + i if 
the slot is red. 

Lemma 4. Let a = X1X2 ■ ■ ■ Xn & Sn, let (z, i + 1) be the j-th slot of a and ti = des(a;i+i ■ ■ ■ Xn) 
(1 < i < n) then 

^ _ f ti in the cases Gi, G2, orRi, 

^ 1 + 1 in the cases G3, R2, orR^. 

Proof. Clearly, in the cases Gi, G2, Ri the value Xj+i is an exceedant of cr, so i + 1 is not a 
descent place of (cr, j) while in the cases G3, R2 and -R3 the value sub-exceedant, so 

i + 1 is a descent place of (cr, j). □ 
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Let r = {a,ii,i2, ■ ■ ■ , im) £ Sn+m and Q = ZDerr = [a, zi, ■ ■ ■ , v]. We distinguish two 
cases according to the color of the insertion slot. 

5.4. The im-'th slot of a is green. Define 

u = [(T,ii, . . . ,im._i], lj' = ^~^{lj) and Q' = 

We must check (13. 4p and for m > 1, 

Fo$-i(^) = [a,j2,--- ,jm] ^Fo$-i(fi) = [a,gi^,j2,--- Jm], (5.6) 

which is equivalent to 

In' = {gir^Ju^')- (5.7) 

Lemma 5. We have the following factorizations: 

u' = WiO'^W20'''w3 and Q' = WiO'^+^W20''' W3 (r, r' > 0), 

where Wi ^ 0, W2 7^ one? are words on non negative integers. Moreover, if (a, 6, a', 6') = 
(R(wi), L(tf2)5 R(w^2)5 L(w^3)), i/ien the following properties hold true: 

i) zero(w2W3) = 0, and R(wi) > 0, 

ii) ifr = 0, then a > b, 

iii) z/r' > 0, then r' = 1, a' < b' and r = 0, 

iv) des(w20'''M;3) = gi^ . 

Notice that if r' = 1 then W3 7^ by iii). Let W2 = W2W3. If m = 1 then u = u' = a and 
Q = [c, ii]. Hence zero(a;) = and r = r' = 0. Thus u' = W1W2 and Q' = W1OW2, where 
a > b = L{w2) and des(w2) = gii- It follows then from (15. 3p that 

In', = {9^J. (5.8) 

We now prove fl5.7p for m > 1. 

1) If r' = then 

to' = wiOX and n' = wiO'^+W^^ (5.9) 

where des(w2) = t = gi^ and zero(w2) =0. As m > 1 we cannot have zero(wi) = 
and r = simultaneously. It remains to verify the following two cases: 

i) zero(wi) 7^0, a>feorr>0 and a < b, 

ii) zero(wi) = 0, r > and a ^ b. 
Applying Lemma [3] to either case yields 

In' = {tJ^,) = {g,^J^,). (5.10) 

2) If r' = 1, then a' < 6', r = and a > b. Hence 

uj' = v0w3 and Q' = VOW3, 

where v = W1W2 and V = Wi0w2- Let ^2 = des(w2), ^3 = des(w3) and t = des(w20w3) = 
gi^, 1/ = pil(f) = pil(y). If zero(wi) 7^ 0, as a > 6, by (15. 2p we have 

h = I^,+t2 + l and Iv = (t2, Iwr +t2 + l) = {t2, Q. (5.11) 

Since zero(f ) > 0, zero(y) > and a' < b', by (15.21) we have 

L' = {h + t3 + l,u + t3) and In' = {Iv + t3 + l,iy + t3). (5.12) 
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It follows that Iq^i = (^2 + ts + 1,/a;') and (as a' < b') t = ^2 + ^3 + 1- Now, if 
zero(tfi) = then, by (15.31) . 

L' = ii^ + t3) and Iv = {t2). (5.13) 
As zero(y) > 0, it follows from fl5:T2D and (Kl3^ that Iq, = {t,u + 1^) = (t, I^>). 

5.5. The im-th slot of a is red. Let /c be the largest integer such that im-k+i = V - Define 

uj = [a,ii,- ■ ■ ,im-k], uj' = ^~^{uj), Q' = ^'^{Q) and Q = tprn-k ■ ■ ■ ■ 
For k = m the relation (13. 6p is equivalent to 

In' = ii9^„.-^,n)^"'-'\9^J, (5.14) 
which corresponds to (13.41) when m = 1. For k < m the relation (13. 7p is equivalent to 

In' = {i9^^-^mf-'\Iu' + l,9^J■ (5.15) 

We now verify (I5.14p and (I5.15p . Recall that a = Xi . . For convenience, we use write 
2 := 2m in what follows. 

5.5.1. Assume that Xj+i is excedent. This corresponds to the case (Ri), i.e., Xi and Xj+i 
are both excedent and Xi < Xj+i. Hence, all the zeros of u are at the left of Xi and all the 
zeros of u' remains at the left of Xj. It follows that 

cu' = WiXjXj+i ■ ■ ■ Xn and d = wiXiO''xi+i ■ ■ ■ x„ (5.16) 

Besides, as the map ipj is identity for m — k + l<j<m, we have Q' = Q. Let t = 
des(xj+i ■ ■ - Xn)- By Lemma H] we have t = Qi — i. 

If zero(wi) = then m = k. From (15. 3p we derive /q/ = {t^''~^\i + t) = {{gi — i)'™"^', ^fj), 
which is (I5.14p . If zero(wi) 7^ 0, by (15.21) we have 

L' = ilw,x, + t) and In' = {t^''-^\ I^,^^ + t + 1, z + t), 
which is precisely (I5.15p . 

5.5.2. Assume that Xj+i is subexcedent. We need the following result. 

Lemma 6. Let h be the largest integer such that z + 1 > Xj+i > ■ ■ ■ > Xh and i = i + 1 if Xi 
is excedent or the last zero of w' is located between Xi and Xj+i otherwise I he the smallest 
integer such that xe < ■ ■ ■ < Xj+i < i + 1 and that uj' does not contain zero at the right of 
Xi- Set T = des{xi ■ ■ ■ Xn); W3 = Xh+i ■ ■ ■ x„; f = des^w^), then we have 

u' = wiXi-iO^'xe- ■ ■XhW3, (5.17) 

n' = wix^-iC+'^-^x^ ■ ■ ■ XhOws. (5.18) 

Moreover, the following identities hold true: 

i) (r = andxe^i > xe) or {r = 1 and < xe), 

li) T + 1 = gi - i, 
Hi) h + t' = gi. 
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Let t = des(a;£ ■ ■ ■ Xh)- As Xh < Xh+i we have T = t + t'. Write Q' = VOW3 with 

V = wiXe-iO''^''-^Xi - ■ - Xh- 

• Suppose that k = m. Then r = 0, zero(tfiX^_i) = and > x^. 

— If A; = 1 then zeTo{V) = 0. By fl5.3p we have J^/ = {h + t') = {gi), which is 
equivalent to (13.41) . 

- If A; > 1 then zero(y) > 0. By ([S^l) we have In> = {ly + t' + l,h + t'), while 
(1531) yields ly = t^'^'^l Hence Iw = ((T + /i + t'), which is equivalent to 

dsn. 

• Suppose that k < m. There are three cases: 

(a) r = 0, we have zero(tfi) 7^ 0, xg^i > xi and, by fl5.2p . 

= + T + 1) and Iv = + t + 1). 

(b) r = 1 and zero(wi) 7^ 0, we have X£-i < xe. By (15.21) 

/c.' = (W,_i+r + l,£-l + r) and Jy = + 1,^-1 + 

(c) r = 1 and zero(wi) = 0, by (15.31) we have 

= (£-l + r) and Jv = (^['-'U-l+^)• 
On the other hand, in any case, we have zero(y) > 0. By (15.21) . 

In' = (Iv + f + l,h + t') = ((T + + l,h + t'), 

which is equivalent to (15.151) . 

Example. Let r = 15342768 G Sg then r = (a, 0,1, 1,4), where Derr = a = 2143. 
So ((7,0) = 13254; (a, 1) = 32154; (a, 2) = 2 1 3 5 4; (a, 3) = 2 1 5 4 3. (a,4) = 2143 5; 
hence the slots 0, 2, 4 are green, while the slots 1 and 3 are red. Therefore (5^05 • • • 5fl'4) = 
(2,3,1,4,0), and 

• slot is green ^> \E^(cr, 0) = (cr, go) = (a, 2), 

• slot 1 is red =^ ^(a, 0, 1, 1) = (ct, ^1 - 1, 2 + 1, ^1) = {a, 2, 3, 3), 

• slot 4 is green =^ ^(a, 0, 1, 1, 4) = (a, ^4, 2, 3, 3) = ((7,0,2,3,3). 

Thus ^(r) = (a,0,2,3,3) = 13248675. 

On the other hand, applying to w := ZDerr = 02001430 G Sh(0'^(7), as 2 and 4 are 
excedent, we get 

Id 12345678 

w = 02001430 

ijjiiw) = 02001430 Case (1') 

^2(V'i(w)) = 02001430 Case (1') 

MMMw))) = 02010430 Case (3') with k = 5 

MMMMw)))) = 02010403 Case (2') with k = 7. 
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Thus ^-^{w) = 02010403. Now we apply F to w = 02010403: 



F(02) = 02 no descent 

F(020) = (5(02)0 = 200 Case (3) 

F(0201) = 7(200)1 = 0201 Case (2) 

F(02010) = 5(0201)0 = 20100 Case (3) 

F(020104) = 201004 Case (1) 

F(0201040) = 5(020104)0 = 2104000 Case (3) 

F(02010403) = 7(2104000)3 = 02104003 Case (2). 

So F(02010403) = [a,0,2,3,3] and ZDer-i([a, 0, 2, 3, 3]) = (a,0,2,3,3) = 13248675. 
Therefore f l2.10p is checked. 



6. The proof of three lemmas 

6.1. Proof of Lemma [Si Recall that 6 and T are the transformations used in the cases (b) 
and (c) of the algorithm F. Let a a word of length u on the alphabet of positive integers 
and 6 > 0. Let w = [a, ii, ■ ■ ■ ,1^] & Sh(O^a). Note that 

wb = [ab, ii, ■ ■ ■ ,iz], wO = [a, ii, ■ ■ ■ i^, i^], Ow = [a,0, ii, ■ ■ ■ 

Hence, if R{w) = 0, i.e., = ly, then T[a, ii, • ■ ■ ,iz] = [tt,0, ii, ■ ■ ■ ,iz-i]- On the other 
hand, if xi, ■ ■ ■ Xn are positive integers, then 

Xi---Xk 0'' Xk+l ■■■Xn= [Xi-- - Xn, fc''"']. 

It follows that 6{w) = [a, zi + 1, ■ ■ ■ , + 1]. Now, consider the word /i = WiO'^W2, where 
Pil(/i) = a, Pil(u;i) = a and |a| = u. Since Wi and W2 are non empty we can write Wi = via 
and W2 = bv2- Therefore fi = Via0^bv2. 

If zero(wi) = z and a > 6 set I^i = (^i, ■ ■ ■ , ^^). Then, we have successively 

F{viaO) = 6{F{via))0 = [a, £i + 1, ■ ■ ■ , 4 + 1, z/] ^ /„,^o = {h^a + 1, z^), 

F(yiaOO) = T(F(t;iaO))0= [«,0,£i + l,--- ,4 + l,i^] ^ W = (O^^-^U^ia + 1, J^), 
and F{viaO''b) = T(F(t;iaOM))6 = 0^ + 1]. Finally, as zero(i;2) = 0, we have F(/i) = 
[a, tM, + 1 + which corresponds to the first case of (15. 2p . The other cases can be proved 
similarly. 

6.2. Proof of Lemma [5l Recall that Q = [a, ii, - ■ ■ ,im\, where 

a = XqXi- ■ -XnXn+l, u = [a, H, ■ ■ ■ , im-i], Q' = ^~^{Q), uj' = ^~^{uj). 

Set u = ipm-2 o ■ ■ ■ o ipi{uj), Q = ipm-i o ■ ■ ■ o ipi{fl) and i = im- The last zero of u is at the 
left of Xi+i so is the last zero of u by definition of So all m — 2 zeros of u' are on the 
left of Xj+i and only the last can be on the left or on the right of Xi^i. Hence u' is of the 
following form: 

U' = ViXiO''Xi+iXn+2 ■ ■ ■ XhO'^'xh+l ■ ■ ■ XnXn+1, 

where e > 0, and < r' < 1. Keeping in mind the definition of if Xj+i is excedent (the 
case of Gi or G2) then we have necessarily r' = and If Xj+i is subexcedent (the case of G3) 
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then it is impossible for the last zero of uj' to be between xi and Xj+i, otherwise when one 
applies to u' the map ip^-i^ corresponds to the case (2) therefore the last zero of lu would 
be on the right of Xj+i, that is impossible. So in case of G3 we have necessarily r' = 1 or 
(r' = and e = 0). We consider the following three cases: 

• Gi or (6*2 and e > 0). Since r' = 0, hence u' and u are of the following forms: 

Uj' = ViXiO^Xi+i . . . Xn+l, ^ = ViXiO^^^Xi+i . . . Xn+l- 

In this case ipm is the identity therefore Q' = Q and then we have 
r = e; r' = Wi = ViXi] W2 = Xi+i ■ ■ ■ x„,a:„+i; 1^3 = 0. 

If r = we have Gi so a > 6 and by Lemma HJ des(w2) = gi- 

• {G2 and e = 0) or (G3 and r' = 0). In this case, let k be the smallest integer such 
that Xk < ■ ■ ■ < Xi < i and u' does not contain any zero on the right of x^- Thus u' 
and Q are of the following forms: 

uj' = ViXk^iO''Xk ■ ■ . XiXi+i . . . Xn+l, 
Q = ViXk-lO''Xk . . . XiOXi+i . . . Xn+l- 

Since VL' = ipmlQ) and the map ipm corresponds to the case (2'), we have 

fl = f iXfc_iO^^"'^Xfc ■ ■ ■ XiXi+i ■ ■ ■ XnXn+l- 

Moreover r' = Wi = Vix^-i and W2 = Xk ■ ■ ■ XnXn+i', Ws = 0. As des(xfc ■ ■ ■ Xj) = 
0, we have des(w2) = gi by Lemma IH 

• (G3 and r' = 1). In this case, both Xi and Xi+i must be subexcedances and Xi > Xi+i 
and h must be the largest integer such that i + 1 > Xi+i > ■ ■ ■ > Xh (by applying 
4>m~i to uj). Let k be the smallest integer such that A; > > ■ ■ ■ > Xi+i and uj' 
contains only one zero on the right of Xk- Thus we have 

uj' = ViXk-lO'^Xk ■ ■ ■ XiXi+i ■ ■ ■ XhOXh+l ■ ■ ■ Xn+l- 

On the other hand, the last zero of uj is at the left of Xi+i, more precisely just at the 
left of Xk because k > Xk > Xi > Xi+i > ■ ■ ■ > by the map (/>m-i- Hence 

UJ = ViXk-lO'^^^Xk ■ ■ ■ XiXi+i ■ ■ ■ XhXh+l ■ ■ ■ Xn+l. 

Set Q = ilJm-2 o ■ ■ ■ o ipi{Q). Then 

fl = [uj, i] = t;iXfc„iO°+^Xfc ■ ■ ■ XiOxi+i ■ ■ ■ XhXh+i ■ ■ ■ Xn+i- 
When we apply 'ipm-i to fi, it corresponds to the case (3'), so 

VL = Iprn-li^) = ViXk-lO"Xk ■ ■ -XiOOXi+i ■ ■ ■ XhXh+l " " 'Xn+l- 

Similarly we have 

Q' = V^m(fi) = VXk-lO'^Xk ■ ■ ■ XiOXi+i ■ ■ ■ XhOXh+l ■ ■ ■ Xn+l- 

In this situation we take r = (r' = 1) and 

Wi = ViXk-lO°Xk ■■■Xi] W2 = Xi+i ■■■Xh] W3 = Xh+l " " " Xn+l- 
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As Xh < Xh+i we have des{w20w3) = des{w2W3) + 1 = Qi by Lemma HI 

6.3. Proof of Lemma [HI Since the i-th slot of a is red and Xj+i is subexcedent, we are 
in the situation of R2 or R3. Recall that all the zeros of u are located at the left of Xi 
so are all of a; = ipm-k-i o ■ ■ ■ o We show that the last zero of u' is at the left of 

Xj+i. In the R2 case Xi is excedent and all zeros of u' are on the left of Xj. In the -R3 case, 
suppose that the last zero of u' is at the right of Xj+i, then, by applying the reverse mapping 
^m-fc ~ (pm-k, the last zero of cu cannot be at the left of Xj because Xi < Xj+i. This is absurd. 
In order to show fl5.17p and (15.181) set ^Im-k = ^ and for all j such that m — k < j < m set 
Qj = tpjlQj^i). There are two cases: 

• li£<i then 

u' = WiXi-iO^'Xi ■ ■ ■ XiXi+i ■ ■ ■ XhXh+lW3, 

and 

Q = WiXt^iG'xt ■ ■ ■ Xi^^Xi+i ■ ■ ■ XhXh+iWs. 

Noticing that Xj < Xj+i < i + 1, so Xj is subexcedent and the application of ipj to 
corresponds to case (2') for all m — k < j < m and ipm corresponds to case (3'). 
Therefore Q' = wiXe-iO^~^''~^xe ■ ■ ■ XjXj+i ■ ■ ■ XhOxh+iw^. 

• If £ = z + 1, then uj' = w;iXjO^Xj+i ■ ■ -XhXh+iW^ and Q = WiXiO^'~^^Xi+i ■ ■ -XhXh+iW^. 
In this case, ipj corresponds to the case (1) for all m — A; < j < m, and ipm corresponds 
to case (3'). So Q! = wiXiO'^~^^~^Xi+i ■ ■ ■ XhOxh+iw^. 

It remains to verify the three conditions of Lemma [6] in the above two cases. It is clear 
that Xf_i > x^ if r = 0. Moreover, neither r > 1 nor (r = 1 and X£_i > xi) is possible 
because, otherwise, when we apply 4>m-k to u', it corresponds to case (2), so the last zero 
of UJ would be at the right of Xj+i, but this is absurd. So the condition (i) is verified. 
Besides, as des(x^ ■ ■ ■ Xi+i) = we have T = des(xj+i ■ ■ ■ x^), and by Lemma HJ we derive 
the condition (ii). Finally, by definition of h we have des(xi+i ■ ■ ■ x/i) = h — i — 1, and 
T = des(xi+i ■ ■ ■ x„) = h — i — 1 + t'. Thus h + t' = gi. 
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